Mathematics Scientific Journal
Vol. 8, No. 2, (2013), 21-31

Some notes on convergence of homotopy
based methods for functional equations
A. Azizi a,∗ J. Saeidian b E. Babolian b
a Department
b Faculty

of Mathematics, Payame Noor university, 19395-4697, Tehran,
I. R. of Iran.

of Mathematical Sciences and Computer, Kharazmi University, 599
Taleghani avenue, Tehran 1561836314, Iran.
Received 22 February 2012; accepted 10 January 2013

Abstract
Although homotopy-based methods, namely homotopy analysis method and
homotopy perturbation method, have largely been used to solve functional
equations, there are still serious questions on the convergence issue of these
methods. Some authors have tried to prove convergence of these methods, but
the researchers in this article indicate that some of those discussions are faulty.
Here, after criticizing previous works, a sufficient condition for convergence of
homotopy methods is presented. Finally, examples are given to show that even
if the homotopy method leads to a convergent series, it may not converge to
the exact solution of the equation under consideration.
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Introduction

The last two decades of analytic solution methods for solving functional
equations have been dominated by homotopy approaches. Homotopybased methods which are generally known to be homotopy analysis method
(HAM) [1] and homotopy perturbation method (HPM) [2], are powerful
methods which have proved their efficiency through solving vast variety
of functional equations. Ordinary and partial differential equations, fractional differential equations, integral and integro-differential equations
are the areas which homotopy methods have been successfully applied.
Especially, HAM has been employed to solve some types of differential
equations, for the solution of which neither analytic methods nor numerical techniques have been useful [3,4]. These facts prove the great
potential behind homotopy approaches.
Other than the known applications of homotopy methods in solving functional equations, there have been some interesting innovations, for example Abbasbandy and Liao have proposed a new Newton-homotopy
method, which is a generalization of the famous Newton-Raphson method
[5]. Also Liao has recently introduced a transform called homotopytransform, which he proves that Euler transform is a special case of it [6].
The homotopy idea has also been used for computing Laplace transform
[7], Sumudu transform [8] and Fourier transform [9]. Some other applications of HPM and HAM could be found in [10,11,12] and the references
therein.
Despite of these novel applications, there are still serious questions concerning convergence of these methods. Attempts have been done in this
direction, but none of them have a universal result and unfortunately
some are mathematically wrong.
In almost all analytic and semi-analytic approaches, used for solving functional equations (of which homotopy-based ones are special cases), there
are two main concerns about the convergence of the obtained solution,
i.e. the convergence of the solution series in its own right, and the convergence to the exact solution.
In order to establish the convergence problem more rigorously, a common
terminology for HAM and HPM has been used in this paper. Of course
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HAM has more auxiliary elements and is more flexible in comparison
with HPM, but this common framework is a simple one that allows us
to concentrate on the convergence issue and is, hence, sufficient for our
discussion.
Consider a nonlinear equation such as A(u) = 0, where A is an operator
and u is an unknown function to be determined. Suitably choosing operator L (usually a linear operator), we construct the ”homotopy equation”
as follows:
H(u, p) = (1 − p)L(u) + pA(u) = 0.
(1.1)
Assume that the solution of the homotopy equation could be presented
as u(p) = u0 + u1 p + u2 p2 + · · · . For p = 0 this equation is equivalent
to L(u) = 0. This equation should be an easy-to-solve one, so this fact
must be considered in choosing L. For p = 1 the homotopy equation is
A(u) = 0, i.e. the original equation.
As p → 1, the homotopy equation (1) converges to the original equation,
so we expect u(p) = u0 + u1 p + u2 p2 + · · · to converge to the solution of
the original equation when p → 1. However there are issues which should
be mentioned about this convergence.
The current paper generally discusses the convergence issue of homotopy
methods. In so doing, the previous works in this regard are discussed
and criticized in section 2. In the rest of the article the reader will come
across a couple of counterexamples on previous convergence results, which
modifies our classic thoughts on convergence of homotopy-based methods. Later on, a theorem is presented which gives sufficient conditions
for convergence in special class of functional equations.

2

Comments on previous results

Biazar and Ghazvini in [13] and Biazar and Aminikhah in [14] have tried
to prove the convergence of homotopy method, in the special case of
HPM, through discussions based on Banach fixed point theorem.
In [13], page 2634, the authors asserted that in the sequence obtained
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from HPM the nth order approximation, i.e. Vn is dependent upon the
(n − 1)th order approximation Vn−1 . This is not true, because when we
use HPM for solving a nonlinear equation un , the nth term of the iteration method is dependent upon previous terms u0 , u1 , · · · , un−1 and not
necessarily their sums. Thus, it is obvious that the nth order approximation Vn is also dependent upon previous terms and not necessarily
their sum. This is the fact that can be easily seen in Example 1 and 3
in the same paper, where the authors have given the governing equation
for Vn in pages 2636 and 2639. In fact every nonlinear equation can be a
counterexample for their assertion.
The same assumption is used in paper [14], so from the above discussion
it is obvious that the proposed assumption in those papers are incorrect,
therefore their results are invalid and useless.
In both papers, the presented examples are such that they satisfy a contraction property that ensures convergence of the resulted series, if it is
not the case we have no guarantee for convergence of HPM. Actually
both papers have a misusage of Banach fixed point theorem.
In [15], Odibat uses an application of contraction mapping theorem to
prove convergence of HAM. In page 784, it is not clear why the author
has presented the initial guess in the special form (20). The convergence
criteria of Theorem 1, which is a famous result of Banach’s fixed point
theorem, is hard to check specially in the cases where there is no general
form for the series’ terms. Thus the criteria is not practical for a method
like HPM.
In page 785 the discussions on βi ’s are faulty, one can√simply check the
||
i
√
= 1/(1/(3(i+1))
< 1,
= i+1
series Σ xi . Here we have φi (x) = xi , so βi = ||φ||φi+1
3i)
i ||
but Σφi (x), is not convergent for any x but 0.
In both examples, which are given to assure discussed claims, the author
has restricted the domain of the problem to [0, 1], this interval simplifies
the user to check the convergence criteria, however one may fail to obtain
efficient results for the original domain, namely [0, ∞].
In HAM case there is a well known theorem by Liao [16] which reduces
the convergence problem to the convergence of the resulted series. His
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claim is as follows:
Theorem 2.1: [9, Theorem 2.1 and Theorem 3.3] Whenever the solution
series obtained by the homotopy analysis method is convergent, it would
converge to the exact solution of the equation under study.
However there is a mathematical problem with his proof. Liao has an
incorrect assumption that whenever Σun (t) are convergent then Σu0n (t)
would also converge. For rejecting this claim consider the series of functions Σun (t), where un (t) = (tn )/n2 , this series converges at t = 1, but
Σu0n (t) is not convergent at the same point (as another example Σun (x),
with un (x) = sin(nx)
is convergent on R, but Σu00n (t) is not convergent at
n2
any point x). So the following discussion in those theorems are useless.
On the other side in HPM or HAM we replace a nonlinear equation with
infinitely linear equations, where in the case of differential equation, the
order of L is not necessarily the order of the original equation [17,18].
So in using HPM or HAM, for solving differential equations, we may not
apply all initial boundary conditions of the equation under study for its
resulted sub equations. This guides us to the fact that, sometimes, the
final solution of HPM or HAM is a solution which does not satisfy the
initial boundary conditions, so is not the solution of the main equation.
Next section gives counterexamples to reject Theorem 2.1, then a modification of the theorem is presented.

3

Counterexamples and a modified convergence theorem

The following examples show that the solution of homotopy method is
not always the solution of the main equation under study, even if the
convergence radius of homotopy solution is more than 1.
Example 3.1: Consider the Laplace equation uxx + uyy = 0, subject to
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Neumann boundary conditions:
uy (x, 0) = 0,

uy (x, π) = 0,

ux (0, y) = cos(y), ux (π, y) = cosh(π)cos(y).
The exact solution of the equation is u(x, y) = sinh(x)cos(y).
We illustrate the HPM case which is more simple. Let L(u) = uyy , so the
homotopy equation will be:
H(u, p) = (1 − p)L(u) + pN (u) = 0,
or
H(u, p) = uyy + puxx = 0.
By substituting u = u0 + u1 p + u2 p2 + · · · in the homotopy equation and
doing homotopy solution process we would have:
u0yy = 0,

u0y (x, 0) = 0, u0y (x, π) = 0,

u1yy = −u0xx , u1y (x, 0) = 0, u1y (x, π) = 0,
u2yy = −u1xx , u2y (x, 0) = 0, u2y (x, π) = 0,
..
.
Solving the above equations, considering boundary conditions (BC), we
have:
u0 = f0 (x)y + g0 (x)

BC

−−→ f0 (x) = 0
=⇒ u0 = g0 (x)
BC

u1 = g0 (x)y 2 /2 + f1 (x)y + g1 (x) −−→ g000 (x) = 0, f1 (x) = 0,
=⇒ g0 (x) = a0 x + b0 , u1 = g1 (x).
Solving other equations as well we get ui = ai x + bi , for i = 0, 1, 2, · · · .
P
P
Now we have u = u0 + u1 + u2 + · · · = ( ai )x + ( bi ). It is obvious that
P
P
even if ai , bi , are convergent, still this is not the solution of the main
equation.
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Example 3.2: Consider the heat equation:
ut − 9uxx = 0,
π
u(o, t) = 0, u( , t) = 1.
2
P
−36n2 t
sin(2nx),
The exact solution of this equation is u(x, t) = π2 x+ ∞
n=1 Bn e
2
where Bn ’s are the Fourier coefficients for the sin(x) − π x, i.e.
R
Bn = 2 01 (sin(x) − π2 x)sin(2nx)dx
In this equation we have two choices for L, namely Lu = ut , Lu = −9uxx .
We will show that in both cases, the solution of homotopy method is
convergent, but does not satisfy initial and boundary conditions simultaneously, so the convergence of the series does not imply that it is the
exact solution of the equation.
Case 1:
Lu = ut .
In this case the homotopy equation will be as follows:
u(x, 0) = sin(x),

H(u, p) = (1 − p)ut + p(ut − 9uxx ) = 0,
or
H(u, p) = ut − 9puxx = 0.
By the assumption u = u0 + u1 p + u2 p2 + · · · , we have the following sub
equations:
u0t = 0,

u0 (x, 0) = sin(x),

u1t = 9u0xx , u1 (x, 0) = 0,
u2t = 9u1xx , u2 (x, 0) = 0,
..
..
.
.
solving the above equations we have:
u0 = sin(x),
u1 = −sin(x)(9t),
2

,
u2 = sin(x) (9t)
2
3

u3 = −sin(x) (9t)
,
3!
..
.
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so the final solution is
u = u0 + u1 + u2 + · · ·
= sin(x)(1 − 9t +

(9t)2
2!

+

(9t)3
3!

+ ···)

= sin(x)e−9t .
It is obvious that sin(x)e−9t is not the exact solution of the above heat
equation.
Case 2: Lu = −9uxx .
In this case the homotopy equation will be as follows:
H(u, p) = (1 − p)(−9uxx ) + p(ut − 9uxx ) = 0,
or
H(u, p) = put − 9uxx = 0.
By the assumption u = u0 + u1 p + u2 p2 + · · · , we have the following sub
equations:
u0 (0, t) = 0, u0 ( π2 , t) = 1,

u0xx = 0,
u1xx = 91 u0t ,

u1 (0, t) = u1 ( π2 , t) = 0,

u2xx = 91 u1t ,
..
.

u2 (0, t) = u2 ( π2 , t) = 0,

solving the above equations we have:
u0 = π2 x,
u1 = 0,
u2 = 0,
u3 = 0,
..
.
so the final solution would be u = u0 + u1 + u2 + · · · = π2 x which is not
the exact solution.
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Now we can modify the convergence theorem as follows:
Theorem 3.3: Consider the equation A(u(t)) = 0, for t ∈ [a, b]. Here A
is an integral operator. If the solution of the homotopy method, u(t, p) =
u0 +u1 (t)p+u2 (t)p2 +· · · , ((ui (t)’s are continuous in [a, b])), is convergent
at p = 1 and this convergence is uniform on [a, b], then u(t, 1) is the
solution to the main equation.
Proof. Consider that A = L + N , so equation (1) can be rewritten as:
H(u, p) = L(u) + pN (u) = 0,

(3.1)

where L is linear. Let u(p) = u0 + u1 p + u2 p2 + · · · represent solution to
(2), as we know ui ’s are obtained from the sub equations of the homotopy
methods (both HPM and HAM) as follows:

Lu0 = 0
Lu1 = −N (u) at p = 0
∂N (u)
Lu2 = −
at p = 0
∂p
∂ 2 N (u)
at p = 0
Lu3 = −
2!∂p2
..
.
Let Nk =
have:

∂ k N (u)
,
k!∂pk

(3.2)

at p = 0. Taking the sum of the above equations we
∞
Σ∞
k=0 L(uk ) = −Σk=0 Nk .

(3.3)

Now because of uniform convergent of ui ’s, we can change the order of
∞
integration and sigma i.e. Σ∞
k=0 L(uk ) = L(Σk=0 (uk )) = L(u(1)). Moreover
k
from the Taylor expansion we have, N (u(p)) = Σ∞
k=0 Nk p , and for p = 0,
we have N (u(1)) = Σ∞
k=0 Nk . Now the equation (3) is L(u(1))+N (u(1)) =
0, or A(u(1)) = 0. 2For operators like differentiation we need more
assumption to guarantee the convergence. As we know HPM is a special
case of HAM for h = −1, so results of convergence on HAM must be
valid for HPM too.
29

Acknowledgement

The authors wish to thank the referees for their useful comments.

References

[1] S.J. Liao, Proposed homotopy analysis technique for the solution of
nonlinear problems, Ph.D. dissertation, Shanghai Jiao Tong University,
(1992).
[2] J.H. He, Homotopy perturbation technique, Comp. Meth. Appl. Mech.
Eng., 178 (1999) 257-262.
[3] S.J. Liao, E. Magyari, Exponentially decaying boundary layers as limiting
cases of families of algebraically decaying ones, ZAMP, 57 (2006) 777-792.
[4] S.J. Liao, A new branch of solutions of boundary-layer flows over a
permeable stretching plate, Int. J. Non-Linear Mech., 42 (2007) 819-830.
[5] S. Abbasbandy, Y. Tan and S.J. Liao, Newton-homotopy analysis method
for nonlinear equations, Appl. Math. Comput., 188 (2007) 1794-1800.
[6] S.J. Liao, On the relationship between the homotopy analysis method and
Euler transform, Commun. Nonlin. Sci. Num. Simul., 18 (2010) 1421-1431.
[7] S. Abbasbandy, Application of He’s homotopy perturbation method for
Laplace transform, Chaos, Solitons and Fractals, 30 (2006) 1206-1212.
[8] M. A. Rana, A. M. Siddiqui, Q. K. Ghori and R. Qamar, Application of
He’s homotopy perturbation method to Sumudu transform, Int. J. Nonlinear
Sci. Numer. Simul., 8 (2008) 185-190.
[9] E. Babolian, J. Saeidian, M. Paripour, Computing the Fourier Transform
via Homotopy Perturbation Method, Z. Naturforsch., A: Phys. Sci., 64a
(2009) 671-675.
[10] E. Babolian, J. Saeidian, New application of HPM for quadratic riccati
differential equation: a comparative study, Math. Sci. J., 3 (2007)

30

[11] M. Ghasemi, M. Tavassoli Kajani, A. Azizi, The application of homotopy
perturbation method for solving Schrodinger equation, Math. Sci. J., 1
(2009)
[12] M. Ghasemi, A. Azizi, M. Fardi, Numerical solution of seven-order
Sawada-Kotara equations by homotopy perturbation method, Math. Sci.
J., 7 (2011) 69-77.
[13] J. Biazar, H. Ghazvini, Convergence of the homotopy perturbation
method for partial differential equations, Nonlinear Anal. Real World Appl.,
10 (2009) 2633-2640.
[14] J. Biazar, H. Aminikhah, Study of convergence of homotopy perturbation
method for systems of partial differential equations, Comput. Math. Appl.,
58 (2009) 2221-2230.
[15] Z. Odibat, A study on the convergence of homotopy analysis method,
Appl. Math. Comput., 217 (2010) 782-789.
[16] S.J. Liao, Beyond Perturbation: An Introduction to Homotopy Analysis
Method, Chapman Hall/CRC Press, Boca Raton, 2003.
[17] S.J. Liao, Y. Tan, A general approach to obtain series solutions of
nonlinear differential equations, Stud. Appl. Math., 119 (2007) 297-354.
[18] E. Babolian, A. Azizi, J. Saeidian, Some notes on using the homotopy
perturbation method for solving time-dependent differential equations,
Math. Comput. Model., 50 (2009) 213-224.

31

